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Abstract: We present perturbative oscillation probabilities for electron and muon chan-
nels including non-standard interaction (NSI) effects. The perturbation was performed
in standard parameters ∆m221/∆m
2
31 and sin
2 (θ13) as in non-standard interaction cou-
plings. Our goal is to match non-standard parameters with the standard ones. This leads
to oscillation probabilities with NSI compact and with functional structure similar to the
Standard Oscillation (SO) case. Such formalism allows us to recognize degeneracies be-
tween standard oscillation parameters and NSI parameters. In such scenario, we also have
an educated guess about the origin of the reported behavior of long-baseline experiments
degeneracies, which should be due to marginalization on standard oscillation parameters
δCP, θ23 and NSI parameters.
1Corresponding author.
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1 Introduction
The neutrino mass-mixing formalism that emerged from the last decades of neutrino phe-
nomenology [1–11] is actually known as Standard Neutrino Oscillations (SO), and contains
6 different parameters. Two mass differences (∆m232,∆m
2
21), one CP phase (δcp) and three
mixing angles, (θ12, θ13, θ23). The current values for these parameters can be found in [12].
As consequence of SO, the difference between the squared neutrino mass eigenvalues must
be ∆m232 ≈ 2.4×10−3 eV2 and ∆m221 ≈ 7.8×10−5 eV2. However, in the Standard Model of
Particles and Fields (SM) from [13–15] and others, neutrinos are included as massless par-
ticles. This suggests that the mechanism responsible to give mass to the neutrino should be
other than the Higgs model [16–18]. Henceforth, it is straightforward to search for physics
beyond the SM to account to neutrino masses. In this sense, in this work we take into
account the so-called Non-Standard Neutrino Interactions (NSI) which was firstly proposed
by Wolfenstein [19, 20], and are claimed as the most natural SM extension in the neutrino
sector [21–27].
In the standard three neutrino formalism [28], the time evolution of a neutrino flavor
state {|νe, νµ, ντ , 〉} is given by a Schroedinger-like equation [28]. When NSI are taken into
account, the neutrino time evolution equation assumes the form:
i
d
dt
νeνµ
ντ
 = H
νeνµ
ντ
 , (1.1)
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where
H = ∆
U
0 0 00 r∆ 0
0 0 1
U † + rA
1 0 00 0 0
0 0 0
+ rA
ee eµ eτ∗eµ µµ µτ
∗eτ ∗µτ ττ

 . (1.2)
Here we adopt the parametrization for the mixing matrix U = R(θ23)Γ(δcp)R(θ13)Γ
†(δCP)R(θ12)
as given in [29]. Also, we have defined
∆ = ∆m231/2Eν , r∆ =
∆m221
∆m231
, rA =
A
∆m231
, (1.3)
where ∆m2ji ≡ m2j−m2i is the mass square difference between the two mass eigenstates j and
i. Also, A = 2EνVCC and VCC =
√
2GFne is the matter potential that neutrinos feel while
they crosses a medium with the electron number density ne = NAρ〈Z/A〉. NA is the number
of Avogadro, ρ is the matter density, and 〈Z/A〉 is the averaged ratio between nucleus
charge and mass number in the medium that neutrino crosses. In this work we assume the
following values for the mixing angles, sin2 θ12 = 0.31, sin
2 θ13 = 0.023, sin
2 θ23 = 0.5, and
squared mass differences, ∆m231 = 2.4×10−3 eV2, ∆m221 = 7.5×10−5 eV2 [24] and the CP
phase equal to 0. In last term in eq. (1.1) we include the effective NSI parameters, αβ,
as effective matter potentials summed up in each element in the neutrino time evolution
Hamiltonian and which are related with the coupling constants fαβ by,
αβ =
∑
f
Yf (x)
fV
αβ , α, β = e, µ, τ. (1.4)
Here, Yf (x) = nf (x)/ne(x), where nf (x) is the number of fermions in the medium and
fVαβ = 
fL
αβ + 
fR
αβ are the coupling parameters in the non-standard interaction effective
Lagrangian
− LeffNSI =
∑
f
fPαβ2
√
2GF (ναγρPLνβ)(fγ
ρPXf), (1.5)
where (PL, PR) = (1− γ5, 1 + γ5)/
√
2, PX = (PL, PR). At fundamental level, αβ is related
with the couplings of neutrino flavor states with the charged leptons and quarks, and it
expresses the ratio between the strength of new interaction over the strength of SM weak
coupling. Moreover, at the present there is no evidence for NSI and we have upper bounds
for the parameters αβ. A recent analysis of global constraints on NSI parameters were
made in Ref. [30]. In addition, recent works on the sensitivity of future experiments was
made in [31, 32].
Both works found an intriguing pattern in the upper values for parameters in the
|ee| ⊗ |eτ |. There are solutions compatible with null NSI parameters, |ee| ∼ |eτ | ∼ 0 as
well solutions that the both NSI parameters are not non-zero and large. In the first case
the solutions are a minor perturbation of standard scenario, but in the second case, it is not
a small perturbation of the standard oscillations. In ref. [31] it was shown, under certain
assumptions, there is a exact symmetry between ee, ∆m
2
32 and ee → 2 − ee,∆m232 →
−∆m232, that it means there is a fundamental degeneracy in neutrino oscillation probability
and then only neutrino scattering experiments can broken this symmetry [33–36].
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There are in the literature methods to solve eq. (1.1) based perturbation theory. See
for example [24, 25, 37]. The aim of this work is to improve the existing perturbative
solutions to extend their range of applicability in the NSI parameters domain. Then we
apply the resulting analytic solutions to the long-baseline (LBL) experiments. Then we
can extract from the formalism information about the degeneracies analytically.
The paper is organized as follow: In Section 2 we introduce the perturbative meth-
ods. Section 3 is dedicated to the formalism of neutrino propagation through quantum
perturbation theory of Hamiltonian systems, including NSI. In Section 4 we present the
resulting probabilities from the perturbation method, apply it in the long-baseline exper-
iments and compare it with numerical solutions. As discussed in the text, these results
can be useful until a long-baseline (LBL) of the order of ≈ 3800 km depending on the NSI
parameters. Furthermore, here we anticipate that our formalism is valid for DUNE, but,
as expected, cannot be applied to the atmospheric neutrino case, as Super-Kamiokande [1]
and IceCube [11]. In Section 5 we study the degeneracy behavior of neutrino oscillation
formulas resulting from perturbation theory. Conclusions are in 6.
2 Perturbative approaches and the neutrino time-evolution
The eq. (1.1) describes a three-neutrino system with the addition of NSI parameters. First
we will discuss the standard case, where we have only the three-neutrino system with
standard matter effect and latter the case for NSI. In the SO case, exact solutions of
eq. (1.1) are possible for vacuum [28] as well as for constant matter case [38, 39]. However,
for varying matter potentials, full solutions of Schroedinger equation are only possible
numerically. Henceforth, a common approach in literature is to use perturbative methods
to found approximate semi-analytical solutions. Such works are based on the perturbative
quantum theory for time-dependent Hamiltonians [40]. Even the solution for constant
density it is not known easily understandable the physical meaning. A solution given by
Ref. [41, 42] 1 use the eigenvalues and eigenvectors of the 3 × 3 matrix that is not much
illuminating. Other analytical solutions involve
• a perturbative approach of full oscillation probability such as (I) Cervera’s expan-
sion [37] (II) Improved θ13 expansion [25],
• a specific rotation that made the problem separable in two 2× 2 systems [44]
In the ref. [26] the perturbative formalism was improved and NSI are included. Because
of the non-zero value of θ13 [7, 45], further developments of this formalism were done to
extend the theory [25]. Therefore, in this work we adopt the expansion parameter defined
as
κ ' sin2 θ13 ' ∆m
2
21
∆m231
' 0, 03, (2.1)
which is motivated by recent global data analysis [12] and was firstly applied in [25]. The
state of art of perturbative methods applied to neutrino time evolution can be found in
1We should aware that there are mistyping in the Ref. [41] accordingly with Ref. [43]
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[43, 46]. Also, in a recent analysis [47] perturbation theory is used to take into account
analytically the different density values that neutrinos feel while they crosses the DUNE
LBL.
In next section we will show an improved perturbative approach that results in a larger
range of applicability of NSI parameters αβ.
3 Perturbation Theory with NSI
Here we address the formalism to solve neutrino time-evolution including NSI. We use per-
turbation theory through Dyson Series and consider as guidelines that the final expression
for the probabilities should obey the following conditions:
i - Include the main features of the exact solution.
ii - Be concise enough to allow direct interpretation and use.
iii - Have the functional form as close as possible to the SO case in presence of matter
effects.
iv - Cover most part the allowed phase-space of NSI parameters shown in sensitivity
studies for DUNE, [31, 32].
In the case of standard solution for neutrino oscillation (the limit of αβ → 0 in eq. (1.1)
we have the matter effect it is invariant under θ23 rotation. When we include the NSI term
this invariance it is broken. Nevertheless to keep the approach to have the oscillation
probabilities in NSI framework as closed to the standard oscillation probabilities we will
used this θ23 rotation as well. Let we start defining a propagation basis,
{|ν ′α〉} = R†23{|να〉}, (3.1)
in which the in this new basis it is
H˜ = R†23HR23 ˜αβ = R
†
23αβR23. (3.2)
A good way to achieve the conditions i - iv is to assume that the NSI parameters
˜αβ have the same order of the respective non-vanishing element of the standard mass-
mixing formalism. Within this choice for the magnitude of NSI parameters the rotated
Hamiltonian can be decomposed in terms of it order of the perturbative parameter κ as2:
H˜ =
∑
n
H˜(n) = H˜(0) + H˜(1/2) + H˜(1) + H˜(3/2) + H˜(2). (3.3)
where we will keep only terms until κ2 in the final expression of the Hamiltonian. The most
important consequence of our choice of NSI hierarchy is that it assures that each term of
2In this work we do not consider terms with O(κn) where n > 2.
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H˜ assumes a block-diagonal form , in which all the terms in H˜(0) are of order κ(0), all the
terms in H˜(1/2) are of order κ(1/2), and so on:
H˜(0) = ∆
rA 0 00 0 0
0 0 1
+ ∆rA
˜ee 0 00 ˜µµ 0
0 0 ˜ττ
 , (3.4)
H˜(1/2) = ∆
 0 0 s13e−iδ0 0 0
s13e
iδ 0 0
+ ∆rA
 0 0 ˜eτ0 0 0
˜τe 0 0
 , (3.5)
H˜(1) = ∆
r∆s212 + s213 r∆c12s12 0r∆c12s12 r∆c212 0
0 0 −s213
+ ∆rA
 0 ˜eµ 0˜µe 0 ˜µτ
0 ˜τµ 0
 , (3.6)
H˜(3/2) = −∆
 0 0 (r∆s212 + 12s213)s13e−iδ0 0 r∆s12c12s13e−iδ
(r∆s
2
12 +
1
2s
2
13)s13e
iδ r∆s12c12s13e
iδ 0
 , (3.7)
H˜(2) = −∆r∆

s212s
2
13
1
2
c12s12s
2
13 0
1
2
c12s12s
2
13 0 0
0 0 −s212s213
 . (3.8)
As it can be seen from eqs. (3.4-3.8), our option for the relative strenght of NSI with
respect to SO led to all the terms H˜(n) to be block-diagonal. The only exception is in
eq. (3.6), where was included the parameter ˜µτ ≈ κ, which correspondent element in SO
perturbation theory appear only at order κ3/2. We have verified that the block-diagonal
structure of each term in H˜ is responsible for the compactness of the resulting oscillation
formulas. This is the case of eq.(11) from [25], where NSI are disregarded. However, in
eq. (33) of the same reference, when NSI are included it is done considering ˜αβ ≈ κ, for
all α, β = e, µ, τ , breaking the block-diagonal structure.
Our option for the NSI strenght keeps the block-diagonal structure of eqs. (3.4-3.8).
We have verified that this feature turns easer the calculus of oscillation probabilities, which
also have a simpler form. It also has the advantage that the perturbation theory is now
applicable for a larger intensity of NSI. The main goal is that the parameters ˜ee, ˜µµ, ˜ττ
are now into the non-perturbated Hamiltonian H˜0, as given in eq. (3.4), and can assume
values of order of κ0. As pointed previously, in the [25] ˜αβ ≈ κ, for all α, β = e, µ, τ .
Henceforth, our choice will increase the range of applicability of NSI. The maximum that
NSI parameters can assume in our formalism are summarized in Table 1.
The neutrino time-evolution Hamiltonian, H˜, as given in eqs. (3.3-3.8), can now be
evolved in time using the pertubation theory. In the Appendix (A) we give details about the
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This Work [25, 27]
˜ee ∼ κ0 ˜ee ∼ κ
˜µµ ∼ κ0 ˜µµ ∼ κ
˜ττ ∼ κ0 ˜ττ ∼ κ
˜eτ ∼
√
κ ˜eτ ∼ κ
˜eµ ∼ κ ˜eµ ∼ κ
˜µτ ∼ κ ˜µτ ∼ κ
Table 1. Summary of maxima values that NSI parameters can assume in our formalism and in
refs. [25, 27]. κ0 means that the parameter is in include in the initial Hamiltonian, H˜0 given in
eq. (3.4)
formalism adopted. The desired probabilities can be written as Pνα→νβ = Pνανβ = |Sβα|2,
where the S matrix is given from eq. (A.9). As we have verified, the oscillation probabilities
obtained from such method can be factorized in terms of the order n of the parameter of the
expansion, κn. Considering al contributions in which n ≤ 2, the neutrino flavor oscillation
probability assumes the factorized form
P (να → νβ) =
∑
n<2
P (n)νανβ = P
(0)
νανβ
+ P (1)νανβ + P
(3/2)
νανβ
+ P (2)νανβ . (3.9)
In the next sections we show our results for the oscillation probabilities within this
procedure.
4 Results for perturbation theory until O(κ2)
At this point we present our results for the neutrino oscillation probabilities obtained from
the perturbation theory described in Sec. 3. Please remember that expansions considering
s13 and ˜eτ in different orders of κ have already been considered [25–27, 37]. In this work
we perform modifications in such perturbation theory that result in an increasing in the
allowed domain for the parameters ˜αβ. Also, as pointed in previous section, it is interesting
that our resulting formulas present the functional form as close as possible to the SO case
in presence of matter effects. For this purpose we define:
Σ = |Σ|eiφΣ ≡ s13e−iδcp + rA˜eτ ,
Ω = |Ω|eiφΩ ≡ r∆c12s12 + rA˜eµ,
Λ ≡ 1
rA
+ ˜ττ − ˜µµ,
Γ ≡ (1 + ˜ee − ˜µµ)
η ≡ Λ− Γ. (4.1)
In our notation ˜αβ = |˜αβ|eiφαβ for all α, β = e, µ, τ .
As pointed in Section 3, the desired neutrino oscillation probability Pνανβ is obtained
from the S matrix, Pνανβ = |Sβα|2. Also, they can be organized by the order of the
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parameter of expansion, Pνανβ =
∑
n≤2 P
(n)
νανβ , and arranged within a compact form which
has the same functional structure than SO case. Explicitly, for the muon to electron-
neutrino oscillation case, using the eqs. (4.1), each order of the oscillation probability is
given by:
P (1)νµνe =
|Σ|2 s223 sin2
(
∆x
2 rAη
)
r2Aη
2
(4.2)
P (3/2)νµνe =
8c23s23|ΣΩ| sin
(
∆x
2 rAΓ
)
sin
(
∆x
2 rAη
)
cos
(
∆x
2 rAΛ− φΣ + φΩ
)
r2AΓη
(4.3)
P (2)νµνe =
4c223|Ω|2 sin2
(
∆x
2 rAΓ
)
(rAΓ)2
+ 2 |Σ|2 s223
(
2 |Σ|2
r3Aη
3
− r∆s
2
12 + 2s
2
13
r2Aη
2
)
(∆x) sin (rAη∆x)
− 4s223
(
4 |Σ|4
r4Aη
4
− 2 |Σ|
2 (r∆s212 + 2s213)
r3Aη
3
− |Σ| s13
(
2r∆s
2
12 + s
2
13
)
cos (δ + φΣ)
r2Aη
2
)
× sin2
(
∆x
2
rAη
)
+ 4c23 |˜µτΣ|2 s23 sin
(
∆x
2
rAη
)
×
sin
(
φ˜µτ +
∆x
2 rA(Γ + Λ)
)
r2AηΓΛ
−
sin
(
φ˜µτ − ∆x2 rAη
)
r2Aη
2Γ
+
sin
(
φ˜µτ +
∆x
2 rAη
)
r2Aη
2Λ
 .(4.4)
The same approach within perturbation theory can be applied to calculate muon neu-
trino survival probability. In Appendix B we show our results for Pνµνµ considering terms
until κn where n ≤ 3/2.
The formulas given in eqs. (4.2-4.4) can be directly applied for the DUNE case, where
the LBL is of the order of L = 1300km and where the matter density value is assumed
to be ρ = 2.8 g/cm3. In Figure (1), upper panel, we compare such predictions with our
numerical solutions, which are obtained using the Runge-Kutta method [48]. The results
obtained using the ref. [25] for the same two sets of NSI parameters are also shown. All the
predictions from perturbation theory return the right values for the phase of oscillation.
However, for this intensity of NSI parameters, the predictions from ref. [25] overestimate
the oscillation amplitude. Furthermore, for both sets of NSI parameters, in all the en-
ergy interval we clearly see the convergence of our results from perturbation theory. For
(ee, eτ , ττ ) = (0.6, 0.15, 0.03) even our result for P
(1)
νµνe do agrees with the exact solu-
tion within few percent error. When (ee, eτ , ττ ) = (0.6, 0.3, 0.3) is used, we must use
P
(1)
νµνe +P
(3/2)
νµνe +P
(2)
νµνe to reach such precision level. In the energy interval of Eν ≤ 0.5 GeV,
while P
(1)
νµνe returns a to small amplitude, P
(1)
νµνe +P
(3/2)
νµνe predicts negative non-physical val-
ues. Moreover, our formula for P
(1)
νµνe + P
(3/2)
νµνe + P
(2)
νµνe is in accordance with the numerical
solution in few percent in all the energy domain. In resume, the perturbation theory we
develop led to an increment on the intensity of NSI parameters in which the model is valid
when compared with ref. [25]. The limit of applicability depends on the combination of
– 7 –
Figure 1. Upper Panel: Comparison between perturbation theory and numerical solutions for
neutrino oscillation probability for the DUNE case, where the matter density value is assumed
to be ρ = 2.8 g/cm3 and the distance traveled is L = 1300 km . The non-zero NSI parameters
are indicated in the plots. Solid black line is our numerical (exact) solution to the neutrino time-
evolution. The purple doted-line refers to the results from [25] until n = 2, and the other colored
lines refers to our results for the perturbative calculation of Pνµνe , considering the maximum value
of n as indicated in the plot. Middle Panel: The same for a baseline of L = 3800 km and ρ = 2.8
g/cm3. Bottom Panel: The same for ρ = 3.6 g/cm3.
neutrino energy, baseline and matter density. For the DUNE case, we verified that such
limits can be pushed even further for Eν ≤ 10 GeV.
In order to determine how good are the oscillation formulas obtained from perturbation
theory, in the middle and bottom panel of Figure (1) we compare the predictions from
eqs. (4.2-4.4) with the results from [25] in function of neutrino energy, for the case where
neutrinos travel a distance of L = 3800 km. We also present or numerical results for
the exact solution. The NSI parameters and medium density values are indicated in the
panel. As we can see, the predictions from [25] and our results do agree with the numerical
solution with respect to the positions of maxima and minima of oscillations. Moreover,
in all panel, we can see the convergence of our results from perturbation theory to the
numerical solution. For the middle-left panel, where (ee = 0.6, eτ = 0.15, ττ = 0.03),
the agreement of our prediction for P
(1)
νµνe + P
(3/2)
νµνe + P
(2)
νµνe with the exact solution for the
– 8 –
entire energy domain shown in the plot is ≥ 90%. As it can be noticed, for this values of
NSI parameters, the modifications we made in the perturbation theory gives better results
for the amplitude of oscillation than ref. [25]. Also, as the energy increases, the NSI
terms which depend on rA = 2
√
2GFNeE/∆m
2
31 increase too. This would lead to the
NSI terms to be greater than the order of perturbation in which they were included in
our model, and hence, the worst agreement with a numerical solution is obtained. This
behavior can be verified in all plots of Figure (1). In the lower-left panel the density is
increased from 2.8 to 3.6 g/cm3. The same few percent levels of difference between our
perturbative results P
(1)
νµνe + P
(3/2)
νµνe + P
(2)
νµνe and the numerical solution was found. In the
middle and bottom right panel of Figure (1) we present the same results for the case of
(ee = 0.6, eτ = 0.3, ττ = 0.3). Again, for Eν > 4 GeV, our results from perturbation
theory gets worst for both medium densities. This difference reaches a factor ≈ 8 for
Eν = 15 GeV. As expected, with this intensity of NSI parameters and for ρ = 2.8 g/cm
3,
the predictions from the ref. [25] are no longer valid, since it returns non-physical values
to the oscillation probability. If we increase the density to ρ = 3.6 g/cm 3 , for the same
values of NSI parameters, also our formula summed up until
∑
n≤2 P
(2)
νµνe starts to return
non-physical values, as can be seen in down-left panel. This case configures an upper limit
of applicability of our formalism.
One advantage of perturbation formulas is make possible analytic description of NSI
effects in the LBL experiments, like the DUNE. In the left panel of Figure 2 we show our
results for P
(1)
νµνe + P
(3/2)
νµνe + P
(2)
νµνe for three different values of eτ , all of then positive, and
all the other NSI parameters set to zero. In the right panel of Figure 2 we show the same
probability for three cases where the only non-vanishing NSI parameter is ee, all of then
negative. In these two scenarios where only one NSI parameter is non-zero, NSI should be
easily noticed by the DUNE experiment, since its signature is the enhancement (attenu-
ation) of oscillation amplitude. For Eν > 1.2 GeV, the increase of oscillation amplitude
due to eτ > 0 in left panel of figure 2 as well as the decrease of oscillation amplitude due
to ee < 0 in the right panel of the same figure can be described using only P
(1)
νµνe . From
eqs. (4.1, 4.2), one can see that eτ > 0 (ee < 0) implies in larger Σ (η) respectively. At
Eν ≤ 1.2 GeV, for the same NSI parameters, there is an complete inversion of its effect
over the resulting oscillation pattern: eτ > 0 (ee < 0) decreases (increases) the amplitude
of oscillation. Such behavior is described by the relative signs present in the P
(2)
νµνe formula,
as given in eq. (4.4).
Moreover, the inclusion of only one non-zero NSI parameter was the case considered
in many previous analyses of neutrino experiments. [49]. However, as can be seen, eτ > 0
has the exact opposite effect of ee < 0 in all the energy domain shown in the picture.
Hence, the combined effect of more than one NSI parameter greater then zero can be the
canceling the NSI signature. To illustrate that, in right panel of Figure 3 we show two cases
where ee and eτ are relatively large and with opposite sign. As it is clearly seen the net
result is the almost completely canceling of NSI effect. In such scenario, unfortunately, NSI
and SO cases are completely degenerated. Moreover, from eqs. (4.1-4.4) we clearly identify
that our resulting oscillation probabilities are intrinsically degenerated. Furthermore, in
Section 5 we make an analysis of degeneracies within perturbation theory formalism.
– 9 –
Figure 2. Examples of how NSI affects neutrino oscillations for the DUNE baseline using the
eqs. (4.2), (4.3), (4.4). δcp and all NSI parameters other than the specified in the plots are set to
zero. Left Panel: Three different values of eτ > 0. Right Panel: Three different values of ee < 0.
All the plots are calculated until oder 2 in the perturbation theory.
Figure 3. Two different sets of NSI parameters which leaves oscillation probability completely
degenerated with the SO case in DUNE baseline. We emphasize that the minus sign in eτ is
equivalent to the phase φeτ = pi.
5 Study of Degeneracies
Here, we analyze the degenerate behavior of neutrino oscillations in the presence of NSI in
the light of perturbative formalism developed in Section 3. In general, degenerate solutions
for the neutrino time-evolution can be due to:
i Only SO parameters
– 10 –
ii Only NSI parameters
iii Combinations of SO and NSI parameters
The case i is the most common in the literature [49]. Here we focus the attention mainly
to the cases ii and iii. When NSI is included in the neutrino time evolution, a degenerated
region emerge in the allowed phase-space for both SO and NSI parameters from studies of
sensitivities in DUNE experiment. DUNE sensitivities to NSI parameters are calculated in
[32]. It is clear from that work that DUNE will have the sensitivity to NSI parameters of
order αβ ≈ 0.1. A similar picture is found in [31]. In special, the allowed region for the
parameters ee and eτ in these both references shows the puzzling behavior, where one of
these NSI parameters can be big if the other is also big.
It is natural to think that the origin of the degenerate allowed region relies on the
neutrino time evolution mechanism. Henceforth, this degeneracy should be manifested in
the neutrino oscillation probabilities. In [31, 32], the degenerate behavior is analytically
determined for a specific set of NSI parameters. These analysis motivated us to ask if the
perturbation theory is able to explain (or at least mimic) the degenerate comportment. To
answer such question we will use oscillation formulas within perturbation theory in two
different ways:
• Find analytic expressions for the degeneracies from eqs. (4.1-4.4),
• Perform a graphic comparison between perturbative solution in the ee ⊗ eτ plane,
and the results from the literature.
In what follows, we apply the perturbation theory to determine analytically the origin of the
degeneracies in neutrino oscillation probabilities. As the general rule, within perturbation
theory, the degeneracy behavior depends on the order in which NSI are included. For ana-
lytic simplification purposes, initially one could consider only P
(1)
νµνe . As the eqs. (4.1-4.4),
where NSI are already included, present the same functional structure than SO formulas,
an obvious degenerate situation occurs when these equations coincide with the SO case,
which means the phase and the amplitude of neutrino oscillation with NSI are identical
to standard case. Also, as the relation between propagation and flavor basis is given by
eq. (3.1), it must be taken into account the possibility of θ23 to vary within its 3σ allowed
region. When the value of θ23 is not the best fit value from [50] we indicate it as θ
′
23.
Henceforth we define the degeneracy condition considering all the NSI parameters (and
associated phases) as
[
P (1)νµνe(˜αβ, θ
′
23)
](NSI) − [P (1)νµνe(˜αβ = 0, θ23)](SO) = 0. (5.1)
In the simpler case, where θ′23 = θ23, then the eq. (5.1) is satisfied if the following two
conditions are satisfied:
(Λ− Γ) = (1− rA)
rA
,
Σ = s213 e
−iδ, (5.2)
– 11 –
which are respectively verified if
˜ee = ˜ττ ↔ ee = −s23(−s23µµ + c23µτ ) + c23(−s23µτ + c23ττ ),
˜eτ = 0 ↔ eµ = c23
s23
eτ . (5.3)
If in eqs. (5.2-5.3) the first condition is obeyed, then the phase of oscillation in P
(1)
νµνe(NSI)
will be identical to the the phase in SO case. It also implies that the denominator in
eq (4.2) is identical to the SO case. However, to the amplitude of oscillation be the same
in SO and NSI cases, it is also necessary that the second condition be satisfied.
If the rotation angle in eq. (3.1) is varied within its 3σ allowed region, θ′23 6= θ23, then
eq. (5.3) implies in
r2A
s213
|˜eτ |2 + 2 rA
s13
|˜eτ | cos(ζ) + 1 =
(
s23
s′23
)2 sinc2(z)
sinc2(y)
, (5.4)
where the phase ζ is given by
ζ = δcp + φeτ , (5.5)
and where the functions sinc(x) are defined as sinc(x) ≡ sin(x)x . Also,
y = z +
∆xrA
2
(˜ττ − ˜ee), (5.6)
where z contains only SO terms
z =
∆
2
x(rA + 1). (5.7)
Furthermore, eq. (5.4) revels a quadratic relation between |˜ee|, |˜eτ | and |˜ττ |, which is
given in terms of the ratio of two functions sinc(x). Hence, given γ = ˜ee − ˜ττ , the ratio
on the right side of eq. (5.4) can be approximated by Taylor series around rAγ < 1:
sinc2(z′)
sinc2(y′)
=
(
B1
B1 +B2rAγ
)2
, (5.8)
where B1 and B2 are given as,
B1 = sinc
(
∆x
2
(1− rA)
)
,
B2 =
(
∆x
2
)
cos
(
∆x
2 (1− rA)
)− sinc (∆x2 (1− rA))(
∆x
2 (1− rA)
) .
(5.9)
Notice that B1 and B2 do not depend on γ. When we insert eqs. (5.8), (5.9) into eq. (5.4)
it assumes the form:
r2A
s213
|˜eτ |2 + 2 rA
s13
|˜eτ | cos(ζ) + 1 =
(
s23
s′23
)2( B1
B1 +B2rAγ
)2
. (5.10)
In Figure (4), we show the predictions from eq. (5.10), for DUNE case, applied to the
ee ⊗ eτ plane, assuming all other NSI parameters to be zero. The solid lines represent
– 12 –
the plots for s′23 = s23 while the dashed lines represent the region limited by s′23 at 3σ
allowed values and the respective phases indicated. Notice, that in each panel, for the
black solid line, the values of ζ used in the region ee > 0 are different from the values
used in ee < 0, as it is explicit in the plots. We superpose those results with the 1σ,
2σ, and 3σ allowed regions for the NSI parameters ee and eτ obtained in the sensitivity
calculation for the DUNE experiment [31], where to obtain the allowed region in the plane
ee ⊗ eτ a marginalization over parameters ∆m231, θ23, δCP and the complex phase of φeτ
was performed. As we can see, the solution from perturbation theory at n ≤ 1 shows the
same degenerate behavior than the one reported in [31] if we set different values of ζ and
s′23 in the regions ee > 0 and ee < 0 . Within this scenario, using perturbative theory, a
possible hypothesis to explain the degenerated behavior is that degenerated regions should
be caused by the marginalization over the parameters θ23 and ζ. In such process, as these
parameters are free to vary, the value that leads to a solution including NSI which is
degenerated with the solution due only to SO at one point of the plane ee⊗ eτ should be
different from the best value for another point.
Figure 4. Comparison of our results (lines) from perturbation theory with the degenerated allowed
region in the plane ee⊗eτ (shaded region) reported in ref. [31]. In this region, color darkness refers
to the (1σ, 2σ, 3σ) regions the authors found in their sensitivity study of the DUNE experiment.
Our results are from equation (5.10). Different line colors refers to the different values of CP phase
indicated in the plot . Explicitly, in the ee ≤ 0 region we use ζ = pi/3 and for ee > 0 we use
ζ = 4pi/3. Solid lines are generated using the best fit point for θ23, s
2
23 = 0.441, and in dashed lines
we use the 3σ values s223 = 0.385→ 0.635. Both values are from [50].
6 Conclusions
We study the effects of inclusion of NSI in the perturbative approach to neutrino oscillations
in the matter through Dyson Series. We have modify the perturbation Hamiltonian to
allow NSI parameters to be as large as possible, keeping the compromise that the calculus
procedure and, more important, the resulting formulas to be small and practical to handle.
Our formalism covers the most part of the phase-space allowed in DUNE sensitivities
calculations as [31, 32]. Our goal was to led the NSI parameters ˜αβ to have the same order
of the respective non-vanishing element of the case where only the standard mass-mixing
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formalism is considered, as can be directly verified for the case of Pνµνe in eqs. 3.4-3.8. The
resulting formulas were applied to the case of constant matter potential and for LBL of the
order of 1−3 thousand kilometers and a density of ρ = 2.8 and ρ = 3.6 g/cm 3. Comparing
our results with the exact solutions, as shown in Figure 1 we see that, for the baseline of
≈ 4000 km, 1.0 ≤ Eν ≤ 10 GeV and ρ = 3.6 g/cm 3, the upper limit of applicability of
our formalism is (ee, eτ , ττ ) ≤ (0.6, 0.3, 0.3). Such limits are depending on the distance
traveled by neutrinos, their energy and medium density.
We also study the dependences of the degeneracies in P
(1)
νµνe with respect to the NSI
parameters. The formalism we develop led to an educated guess about the origin of de-
generacies presented in [31, 32]. Even when only terms until first order in perturbation
theory are taken into account, for specific values of NSI parameters our formalism is able
to analytic mimic such degeneracy behavior as can be seen in Figure 4 and associated text.
As was pointed, such degeneracies should be due to the combined marginalization over SO
and SNI parameters, like θ23 and the phase ζ.
Furthermore, as consequence of our perturbative expansion we can clearly identify the
degeneracies between the usual oscillation paradigm and the NSI oscillation probability,
which means that we cannot distinguish the two oscillation scenarios. We identify two
cases: when it have a degeneracy (i) involving only NSI parameters and (ii) involving a
combination of the NSI parameters and the standard oscillation parameters. In the first
case it is a irreducible degeneracy and it cannot be removed by any neutrino oscillation
experiment. In the second, a very precise measurement of standard mixing parameters can
lift the degeneracies. Using our perturbative formulae we can reproduced the degeneracy
between ˜ee and ˜eτ as shown in Figure 4. Moreover, hopefully, such formalism should
allow a more comprehensive understanding of the role played by NSI in LBL experiments,
like the DUNE.
Acknowledgments
O.L.G.P. is grateful for the support of FAPESP funding Grant 2014/19164-6, CNPq re-
search fellowship 307269/2013-2 and 304715/2016-6. O.L.G.P. and D.R.G. are grateful for
partial support from FAEPEX funding grant, No 2391/17. M. E. Chaves is grateful for
the 140564/2018-7 and 130912/2016-6 founding from CNPQ.
References
[1] Y. Fukuda et al., Evidence for oscillation of atmospheric neutrinos, Physical Review Letters
81 (1998) 1562.
[2] P. Anselmann, W. Hampel, G. Heusser, J. Kiko, T. Kirsten, M. Laubenstein et al., Gallex
results from the first 30 solar neutrino runs, Physics Letters B 327 (1994) 377.
[3] J. Abdurashitov et al., Results from sage (the russian-american gallium solar neutrino
experiment), Physics Letters B 328 (1994) 234.
[4] S. Fukuda et al., Constraints on neutrino oscillations using 1258 days of super-kamiokande
solar neutrino data, Physical Review Letters 86 (2001) 5656.
– 14 –
[5] Q. R. Ahmad et al., Direct evidence for neutrino flavor transformation from neutral-current
interactions in the sudbury neutrino observatory, Physical review letters 89 (2002) 011301.
[6] M. Apollonio et al., Search for neutrino oscillations on a long base-line at the chooz nuclear
power station, The European Physical Journal C-Particles and Fields 27 (2003) 331.
[7] F. An et al., Observation of electron-antineutrino disappearance at daya bay, Physical Review
Letters 108 (2012) 171803.
[8] P. Adamson et al., Measurement of the neutrino mass splitting and flavor mixing by minos,
Physical Review Letters 106 (2011) 181801.
[9] W. Allison et al., The atmospheric neutrino flavor ratio from a 3.9 fiducial kiloton-year
exposure of soudan 2, Physics Letters B 449 (1999) 137.
[10] M. Ambrosio et al., Measurement of the atmospheric neutrino-induced upgoing muon flux
using macro, Physics Letters B 434 (1998) 451.
[11] A. Achterberg et al., First year performance of the icecube neutrino telescope, Astroparticle
Physics 26 (2006) 155.
[12] M. C. Gonzalez-Garcia, M. Maltoni and T. Schwetz, Global analyses of neutrino oscillation
experiments, Nuclear Physics B 908 (2016) 199.
[13] S. L. Glashow, J. Iliopoulos and L. Maiani, Weak interactions with lepton-hadron symmetry,
Physical review D 2 (1970) 1285.
[14] S. Weinberg, A model of leptons, Physical review letters 19 (1967) 1264.
[15] A. Salam et al., Elementary particle theory, Ed. N. Svartholm, Stockholm,\Almquist and
Wiksell 367 (1968) .
[16] P. W. Higgs, Broken symmetries and the masses of gauge bosons, Phys. Rev. Lett. 13 (1964)
508.
[17] ATLAS collaboration, G. Aad et al., Observation of a new particle in the search for the
Standard Model Higgs boson with the ATLAS detector at the LHC, Phys. Lett. B716 (2012)
1 [1207.7214].
[18] CMS collaboration, S. Chatrchyan et al., Observation of a new boson at a mass of 125 GeV
with the CMS experiment at the LHC, Phys. Lett. B716 (2012) 30 [1207.7235].
[19] L. Wolfenstein, Neutrino oscillations in matter, Physical Review D 17 (1978) 2369.
[20] L. Wolfenstein, Neutrino oscillations and stellar collapse, Physical Review D 20 (1979) 2634.
[21] J. W. Valle, Resonant oscillations of massless neutrinos in matter, Physics Letters B 199
(1987) 432.
[22] M. Guzzo, A. Masiero and S. Petcov, On the msw effect with massless neutrinos and no
mixing in the vacuum, Physics Letters B 260 (1991) 154.
[23] T. Ohlsson, Status of non-standard neutrino interactions, Reports on Progress in Physics 76
(2013) 044201.
[24] O. Miranda and H. Nunokawa, Non standard neutrino interactions: current status and future
prospects, New Journal of Physics 17 (2015) 095002.
[25] K. Asano and H. Minakata, Large-θ13 perturbation theory of neutrino oscillation for
long-baseline experiments, Journal of High Energy Physics 2011 (2011) 1.
– 15 –
[26] T. Kikuchi, H. Minakata and S. Uchinami, Perturbation theory of neutrino oscillation with
nonstandard neutrino interactions, Journal of High Energy Physics 2009 (2009) 114.
[27] D. Meloni, T. Ohlsson, W. Winter and H. Zhang, Non-standard interactions versus
non-unitary lepton flavor mixing at a neutrino factory, Journal of High Energy Physics 2010
(2010) 41.
[28] C. Giunti and C. W. Kim, Fundamentals of neutrino physics and astrophysics. Oxford
university press, 2007.
[29] C. Patrignani, P. D. Group et al., Review of particle physics, Chinese physics C 40 (2016)
100001.
[30] I. Esteban, M. C. Gonzalez-Garcia, M. Maltoni, I. Martinez-Soler and J. Salvado, Updated
Constraints on Non-Standard Interactions from Global Analysis of Oscillation Data, JHEP
08 (2018) 180 [1805.04530].
[31] P. Coloma and T. Schwetz, Generalized mass ordering degeneracy in neutrino oscillation
experiments, Phys. Rev. D94 (2016) 055005 [1604.05772].
[32] A. de Gouveˆa and K. J. Kelly, Non-standard Neutrino Interactions at DUNE, Nucl. Phys.
B908 (2016) 318 [1511.05562].
[33] D. Akimov, et al., Observation of coherent elastic neutrino-nucleus scattering, Science (2017)
[http://science.sciencemag.org/content/early/2017/08/02/science.aao0990.full.pdf].
[34] M. C. Gonzalez-Garcia, M. Maltoni, Y. F. Perez-Gonzalez and R. Zukanovich Funchal,
Neutrino Discovery Limit of Dark Matter Direct Detection Experiments in the Presence of
Non-Standard Interactions, JHEP 07 (2018) 019 [1803.03650].
[35] P. B. Denton, Y. Farzan and I. M. Shoemaker, Testing large non-standard neutrino
interactions with arbitrary mediator mass after COHERENT data, JHEP 07 (2018) 037
[1804.03660].
[36] D. Aristizabal Sierra, V. De Romeri and N. Rojas, COHERENT analysis of neutrino
generalized interactions, 1806.07424.
[37] A. Cervera et al., Golden measurements at a neutrino factory, Nuclear Physics B 579 (2000)
17.
[38] K. Kimura, A. Takamura and H. Yokomakura, Exact formulas and simple cp dependence of
neutrino oscillation probabilities in matter with constant density, Physical Review D 66
(2002) 073005.
[39] T. Ohlsson and H. Snellman, Three flavor neutrino oscillations in matter, Journal of
Mathematical Physics 41 (2000) 2768.
[40] J. J. Sakurai and E. D. Commins, Modern quantum mechanics, revised edition, 1995.
[41] H. W. Zaglauer and K. H. Schwarzer, The Mixing Angles in Matter for Three Generations of
Neutrinos and the MSW Mechanism, Z. Phys. C40 (1988) 273.
[42] J. Bellandi, M. Guzzo and V. Aquino, On resonances and mixing angles in three neutrino
oscillations in matter, Brazilian journal of physics 27 (1997) .
[43] P. B. Denton, H. Minakata and S. J. Parke, Compact perturbative expressions for neutrino
oscillations in matter, Journal of High Energy Physics 2016 (2016) 1.
[44] A. Ioannisian and S. Pokorski, Three Neutrino Oscillations in Matter, Phys. Lett. B782
(2018) 641 [1801.10488].
– 16 –
[45] J. Ahn et al., Observation of reactor electron antineutrinos disappearance in the reno
experiment, Physical Review Letters 108 (2012) 191802.
[46] H. Minakata and S. J. Parke, Simple and compact expressions for neutrino oscillation
probabilities in matter, Journal of High Energy Physics 2016 (2016) 180.
[47] A. Chatterjee, F. Kamiya, C. A. Moura and J. Yu, Impact of Matter Density Profile Shape
on Non-Standard Interactions at DUNE, 1809.09313.
[48] W. H. Press, S. A. Teukolsky, W. T. Vetterling and B. P. Flannery, Numerical Recipes 3rd
Edition: The Art of Scientific Computing. Cambridge University Press, New York, NY, USA,
3 ed., 2007.
[49] T. Ohlsson, Status of non-standard neutrino interactions, Rept. Prog. Phys. 76 (2013)
044201 [1209.2710].
[50] I. Esteban, M. Gonzalez-Garcia, M. Maltoni, I. Martinez-Soler and T. Schwetz, Updated fit
to three neutrino mixing: exploring the accelerator-reactor complementarity, Journal of High
Energy Physics 2017 (2017) 87.
[51] M. E. Chaves, Analytic methods for neutrino time-evolution in matter under the influence of
non-standard interactions, Master’s thesis, UFF, Brazil, 2018.
A Formalism to perturbation theory for neutrino oscillations with NSI
The S matrix is responsible for the neutrino-state time evolution,
|να(x)〉 = Sαβ(t)|νβ(0)〉, (A.1)
where the operator SI(t) is given by,
S(t) = T exp
{
−i
∫ t
0
H(t′)dt′
}
. (A.2)
In this case, the oscillation probability in then
Pνµ→νe = Pνµνe = |Seµ|2 (A.3)
Here T means temporal ordering. From eq. (3.3) we define the potential V˜ = H˜ ′− H˜0,
which in the interaction picture assumes the form,
V˜I = e
iH˜0xV˜ e−iH˜0x, (A.4)
where V˜ is the time-dependent potential in the Schroedinger picture. The time-evolution
operator in the interaction picture can be defined as [40] Ω(x),
Ω(x) = eiH˜0xS˜(x), (A.5)
which must obey the operator time evolution equation:
i
d
dt
Ω(x) = V˜IΩ(x) , (A.6)
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which is subjected to the initial condition Ω(x = 0)1. The eq. A.6 plus the initial condition
implies in the integral equation:
Ω(x) = 1− i
∫ x
0
V˜I(x
′)Ω(x′)dx′. (A.7)
The recursive substitution of Ω(x) into eq.(A.7) leads to the Dyson Series, which gives the
solution for Eq(A.6) as:
Ω(x) = 1 + (−i)
∫ x
0
V˜I(x
′)dx′ + (−i)2
∫ x
0
V˜I(x
′)dx′
∫ x′
0
V˜I(x
′′)dx′′
+(−i)3
∫ x
0
V˜I(x
′)dx′
∫ x′
0
V˜I(x
′′)dx′′
∫ x′′
0
V˜I(x
′′′)dx′′′ +O(2). (A.8)
Once Ω(x) is determinate from eq.(A.8), in the propagation basis S˜(x) = e−iH˜0Ω(x).
The S matrix can then be written in the flavor basis as
S = U23S˜U
†
23. (A.9)
The S˜αβ elements are explicitely calculated in [51].
B Muon neutrino survival probability
Here we show our results for muon neutrino survival probability obtained from the same
procedure explained in Section 3. We consider terms until n ≤ 3/2. The resulting formulas
show the same functional structure of SO formalism, and the NSI features are incorporated
in the (Σ,Ω,Λ,Γ) quantities,
P (0)νµνµ = 1− 4c223s223 sin2
(
∆x
2
rAΛ
)
, (B.1)
P (1)νµνµ = −
4|Σ|2s423 sin2
(
∆x
2 rA(Γ− Λ)
)
r2A(Γ− Λ)2
+ 2c223s
2
23
(
c212r∆ +
|Σ|2
rA(Γ− Λ) + s
2
13
)
sin(rAΛ∆x)(∆x)
+
2|Σ|2s223c223 [cos(rAΓ∆x)− cos(rAΛ∆x)]
r2A(Γ− Λ)2
− 8|˜µτ |c23s23
(
c223 − s223
)
cos(φ˜µτ ) sin
2
(
∆x
2 ΛrA
)
Λ
, (B.2)
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P (3/2)νµνµ = −
8r∆c12s12c23s23s13
(
c223 − s223
)
cos(δ) sin2
(
∆x
2 rAΛ
)
rAΛ
+
4|ΩΣ|c23s23 cos (φΣ − φΩ)
(
c223 cos(rAΓ∆x)− c223 + s223 cos(rA(Γ− Λ)∆x)
)
r2AΓ(Γ− Λ)
− 4|ΩΣ|c23s23 cos (φΣ − φΩ)
(
c223 cos(rAΛ∆x) + 1
)
Λr2A(Γ− Λ)
+
4|ΩΣ|c23s23 cos (φΣ − φΩ)
(
s223 cos(rAΛ∆x)
)
r2AΓΛ
. (B.3)
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